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Abstract. Let be a Radon measure on R"^, which may be non dou- 
bling. The only condition that fi must satisfy is the size condition 
^{B{x,r)) < Cr", for some fixed < n < d. Recently, the author 
introduced spaces of type BMO{^) and H^{fi) with properties similar to 
ones of the classical spaces BMO and defined for doubling measures. 
These new spaces proved to be useful to study the L^{fJ,) boundedness 
of Calderon-Zygmund operators without assuming doubling conditions. 
In this paper a characterization of this new atomic Hardy space H^{fi) 
in terms of a maximal operator M# is given. It is shown that / belongs 
to H^{iJ,) if and only if / G L^ilJ), J f dfi = and M^f € L^ijj), as in 
the usual doubling situation. 



1. Introduction 

rl,00 I 



The aim of this paper is to characterize the atomic Hardy space 



introduced in [ToS] in terms of a grand maximal operator. Throughout ah 
the paper /u wiU be a (positive) Radon measure on M*^ satisfying the growth 
condition 

(1.1) ^i{B{x,r)) <CQr'^ for ah x G supp(/i), r > 0, 

where n is some fixed number with < n < d. We do not assume that /i is 
doubhng (/i is said to be doubhng if there exists some constant C such that 
fj,{B{x,2r)) < C n{B{x,r)) for ah x G supp(/i), r > 0). 

The doubhng condition on is an essential assumption in most results 
of classical Calderon-Zygmund theory. Nevertheless, recently it has been 
shown that many results in this theory also hold without the doubling as- 
sumption. For example, in Tol[| a T(l) theorem and weak (1, 1) estimates 



for the Cauchy tranforms are obtained. For general Calderon-Zygmund op- 
erators (CZO's) a T(l) theorem in |NTV1], and weak (1,1) estimates and 



Cotlar's inequality in [ [NTV2 | are proved. A T(6) is also given in [NTV3] 
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For more results, see [ |MMNO|] , ||NTV4|] , |0P[| , |Tb^ , [[Tb^ ], [ [Tbl and @, 
for example. 



In ^1 some variants of the classical spaces BMO{fi) and H^{fi) are 



introduced. These variants are denoted by EBMO{fi) and H'^t^{^) respec- 
tively. There, it is shown that many of the properties fulfiled by BMO{pL) and 
H^{fi) when /i is doubling are also satisfied by RBMO{fi) and H^^{^) with- 
out assuming /i doubling. For example, the functions from BBMO{fi) fulfil 
a John-Nirenberg type inequality (see Section ^ for the precise statement of 
this inequality), EBMO{fi) is the dual of H^^^{^), CZO's which are bounded 
in L'^ifJ.) are also bounded from H^^'^{fi) into L^ifJ-) and from L°°{fi) into 
EBMO{fj,) and, on the other hand, any operator which is bounded from 
^atTil^) -^^(/") ^^"i from L°°{fi) into BBMO{^) is bounded in U^ifi), 
1 < p < oo. 

Let us remark that if /x is non doubling and one defines BMO{n) and the 
atomic space = H^{^) exactly as in the classical doubling situation 



(see |GR|, |Jc] or [^, for instance), then these spaces still fulfil some of the 



properties stated above |MMNO[| . However a basic one fails: CZO's may 
be bounded in L^(/x) but not from H^f°{fj,) into L^{n) or from L°°{n) into 



BMO{^i) (see ^ and |MMNO| ). For this reason, if one wants to study 



the L^-boundedness of CZO's, the spaces BMO{n) and Hll°°{fi) are not 
appropiate. This is the main reason for the introduction of RBMO(fj,) and 



Before stating our main result, we need some notation and terminology. 
By a cube Q C M'^ we mean a closed cube centered at some point in supp(/x) 
with sides parallel to the axes. Its side length is denoted by 1{Q) and its 
center by zq. Given p > 0, we denote by pQ the cube concentric with Q 
with side length p£{Q). Recall that a function / € Lj^^if^) belongs to the 
classical space H^l°°{fi) if it can be written as / = X^jAjOj, where Aj S ffi 
are numbers such that |Aj| < oo and Oj are functions called atoms such 
that 

1. there exists some cube Qi such that supp(aj) C Qi, 

2. J aidfj, = 0, 

In order to recall the precise definition of H^^{p) we have to introduce 
the coefficients Kq j^. Given two cubes Q C R, we set 

Kq,r = 1 + / 1 — f;7 dp{x), 

Jqr\q \^-^q\ 

where Qn is the smallest cube concentric with Q containing R. 

For a fixed p > 1, a function b G Lj^^{p.) is called an atomic block if 

1. there exists some cube R such that supp(6) C R, 

2. / bdn = 0, 
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3. there are functions aj supported on cubes Qj C R and numbers Xj € 
such that b = X^^i ^j^j^ 

||aj||Loo(^) < [^{pQj)KQ^^R)~^ . 



We denote 



(to be rigorous, we should think that h is not only a function, but a 'structure' 
formed by the function 6, the cubes R and Qj, the functions Cj, etc.). Then, 



we say that / G (/i) if there are atomic blocks hi such that 



(1.2) 



with 1 6j 1^1,00/ < 00 (notice that this implies that the sum in (|1.2| ) 
converges in L^{ii)). The Hj^{ii) norm of / is 

inf |6j 



where the infimum is taken over all the possible decompositions of / in 
atomic blocks. 

The definition of h\'°°' 

rl.OO / 



'atb (/^) cloes not depend on the constant p > 1. The 
H^^{p) norms for different choices of p > 1 are equivalent. Nevertheless, 
for definiteness, we will assume p = 2 in the definition. 



Compare the definitions of the spaces H]^f°[p) and H^^{p): In i7^^°°(/x) 
the cancellation condition 2 and the size condition 3 are imposed over the 
atoms aj. On the other hand, in H'^^{p) the cancellation condition 2 is 
imposed over the atomic blocks hi, and the size condition 3 is satisfied by 
the "components" ajj- of hi separately for each j. It is not difficult to check 



rl.OO / 



rl,00 / 



that H^l°°{p) = H^_^{p) if p{B{x,r)) « r for all x G supp(/x), r > (the 
notation A ^ B means that there exists some constant C > such that 
C^^ A < B < C A, that is A < B < A). If the latter condition does not 
hold, then if^^°°(p) may be different from H^^{p), even when /i is doubling 
(see [^]). 

Now we are going to introduce the "grand" maximal operator M$ , which 
is the main tool in our characterization of H^^^{p). 

Definition 1.1. Given / € Lj^^{fi), we set 

Mi^f{x) = sup ffdp 

ip^X J 

where the notation 99 ~ x means that ip £ (p) n 

1- IIv^IIlmm) ^ 1' 



and satisfies 



2. < ^{y) < 



1 



\y - x\' 



for all y eM.'^, and 
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3. W{y)\ < for all y G M'^. 

In this paper we will prove the following result. 

Theorem 1.2. A function f belongs to H^^{ii) if and only if f £ L^{fi), 
f f dfi = and M^f € L^{fi). Moreover, in this case 

\\f\\Hl^i,)'^\\f\\LHp) + \mf\\LH>.)- 

Theorem can be considered as a version for non doubling measures 
of some results that are already known in more classical situations. When 
fi is the Lebesgue measure on the real line, a characterization of 



such as the one of Theorem was proved by Coifman |Co[. This result 
was extended to the Lebesgue measure on R"^ by Latter [pa| . Let us remark 
that in these cases, in the definition of M^, for each x it is enough to take 
the supremum over functions (px,r, r > 0, of the form 

^-Ay) = ^^(^^ 

where ^ ip & S is some fixed function. 
If 

(1.3) fi{B{x,r)) f« r" for all x £ supp(^), r > 0, 

then supp(/i) is a homogeneous space in the sense of [CW|. For general 



homogeneous spaces satisfying ( |1.3D , Coifman, Meyer and Weiss showed that 
there exists a description of Hl^f^di) in terms of a grand maximal operator 
(see lew I for this result and for the detailed definition of homogeneous 



spaces). They observed that a proof of this description by Carleson |Ca 
usmg the duality i?^'°°(Ai)-BMO(^) in the case where /i is the Lebesgue 
measure on M" can be easily extended to the more general situation of 
homogeneous spaces. 

For a measure fi on R'^ which is doubling but which may not satisfy ( |1.3D , 
Macias and Segovia ( |MS1 |, [ MS2[| ) obtained a characterization of H]jf°{^) 



by means of a grand maximal operator too (see also ||Uc|] ) . They showed 
that if is doubling, then taking a suitable quasimetric one can assume 
that ( [1.3| ) holds. Their result applies not only to doubling measures on W^, 
but to more general homogeneous spaces. On the other hand, since Hl^f°{fi) 
may be different from H^_l^{^) if is a doubling measure on M*^ which does 
not satisfy (|L^), the result of Maci'as and Segovia (in the precise case that 
we are considering) cannot be derived as a particular instance of Theorem 



1.2 



The absence of any regularity condition on /i, apart from the size condition 
( |1 . 1[) , makes impossible to extend the classical arguments to the present 
situation without major changes. We will not consider any quasimetric on 
different from the Euclidean distance and we are not able to reduce our 
case to a situation where (|1-3|) holds. 
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Let us remark that the results of |Co(| , [La|, |MS1| and | MS2| ] concern not 
only the Hardy space but also the Hardy spaces H^, with < p < 1. 
However, it is not possible to extend our proof of Theorem |1.2| to < p < 1 
because we have obtained it by duality (following the same approach as 
Carleson [pa[). 

The paper is organized as follows. In Section ^ we deal with some pre- 
liminary questions. In Section |3| we show that the grand maximal operator 
M$ is bounded from H]^_^{^) into L^ifJ-), which proves the "only if" part of 
Theorem |l.2| (the easy implication). In the remaining sections of the paper 
we prove the other implication. In Section ^ we explain how this can be 
proved by duality. A suitable version for our purposes of John-Nirenberg 
inequality if obtained in Section ^. In Section ^ some kind of dyadic cubes 
are constructed, and in the following section a suitable approximation of 
the identity adapted to the measure ^ is obtained. Section ^ contains a 
construction which is the core of the proof of the "if" part of Theorem 1.2. 
Finally, Section ^ is an Appendix where we prove a density result which is 
necessary in the proof by duality of the "if" part of Theorem 1.2. 



2. Preliminaries 

The letter C will be used for constants that may change from one occur- 
rence to another. Constants with subscripts, such as Ci, do not change in 
different occurrences. 

We will assume that the constant Cq in ( |l.lD has been chosen big enough 
so that for all the cubes Q C we have 

(2.1) KQ)<CoiiQr. 

Given a function / € Lj^^{fi), we denote by mqf the mean of / over Q with 
respect to fi, i.e. rnqf = f d/i. 

Definition 2.1. Given a > 1 and /? > a", we say that the cube Q C M"^ is 
(a, /3)-doubling if fi{aQ) < (3 ij-{Q). 



Remark 2.2. As shown in | To3 |, due to the fact that fi satisfies the growth 
condition (|1 . 1| ) , there are a lot "big" doubling cubes. To be precise, given 
any point x £ supp(^) and c > 0, there exists some (a, /3)-doubling cube Q 
centered at x with 1{Q) > c. This follows easily from ( |1.1| ) and the fact that 
P > a". 

On the other hand, if /? > a*^, then for /i-a.e. x € M'^ there exists a 
sequence of (q, /3)-doubling cubes {Qk}k centered at x with £{Qk) ^ as 
A; — > oo. So there are a lot of "small" doubling cubes too. 

For definiteness, if a and P are not specified, by a doubling cube we mean 
a (2, 2*^+^) -doubling cube. 

Now we are going to recall the definition of BBMO{^). In fact, in Section 



2 of |To3] several equivalent definitions are given. Maybe the easiest one is 



the following. Let / € L]^J^^). We say that / G EBMO{^i) if there exists 
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some constant Ci such that for any doubling cube Q 

(2.2) / \ f-mQf\dfi<Cifi{Q) 

JQ 

and 

(2.3) I'tT'q/ — n^nfl < Ci Kq^r for any two doubling cubes Q C R. 
The best constant Ci is the RBMO{p,) norm of /, that we denote as 



Given any pair of constants < a, /3, with /3 > a", if in the definition of 
RBMO{^) we ask (|2.2|) and ( |2.3D to hold for (a, /3)-doubhng cubes (instead 
of doubling cubes), we will get the same space RBMO{fi), with an equivalent 
norm |ro3|. In fact, RBMO{fj,) can be defined also without talking about 



doubling cubes: Given some fixed constant p > 1, / G RBMO{fi) if and only 
if there exists a collection of numbers {/q}q (i.e. for each cube Q some 
number fg) and some constant C2 such that 

/ i/(x) - /qI df,{x) < C2 flipQ) for any cube Q cR^ 
JQ 

and, 

I/q - <C2 Kq^r for any two cubes Q C R. 
The best constant C2 is comparable to the RBMO{p) norm of / given by 
(23) and (^). 

Recall that given two cubes Q CZ R, Qr stands for the smallest cube 
concentric with Q containing R. Without assuming Q C R, we will denote 
by Qr the smallest cube concentric with Q containing Q and R. 

Definition 2.3. Consider two cubes Q,R cMf^ (we do not assume Q C R 
or R C Q). We denote 

5(Q,i?) = max ( / , — 7-dp{x), [ — - dfi{x)] . 

\Jqr\q - Jrq\r - J 

Notice that £{Qr) « £{Rq) w i{Q) + e{R) + dist(Q,ii), and if Q C R, 
then Rq = R and i{R) < £{Qr) < 2£{R). 

It is clear that if Q C R, then Kq r = 1 + 6{Q,R). Quite often we will 
treat points x G supp(/x) as if they were cubes (with i{x) = 0). So for 
x,y € supp(/i) and some cube Q, the notations 5{x,Q) and 5{x,y) make 
sense. In some way, they are particular cases of Definition |2.3| . Of course, it 
may happen 6{x, Q) = 00 or S{x, y) = 00. 

In the following lemma we show that 6{-,-) satisfies some very useful 
properties. 

Lemma 2.4. The following properties hold: 

(a) Ife{Q) « iiR) and dist{Q,R) < £{Q), then 6{Q,R) < C. In particu- 
lar, 6{Q, pQ) < Co 2" />" for p>l. 

(b) Let Q C R be concentric cubes such that there are no doubling cubes of 
the form 2^Q, k>0, with Q C 2^Q c R. Then, 5{Q, R) < C3. 
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(c) IfQcR, then 



W,ii)<C|l + log||) 



(d) IfPcQc R, then 

\5{P,R)-\6{P,Q)+5{Q,R)]\ < sq. 

That is, with a different notation, 5{P, R) = 6{P, Q) + 5{Q, R) ± Eq. If 
P and Q are concentric, then eo = 0; 5{P, R) = 5{P, Q) + 5{Q, R). 

(e) For P,Q,RcW^, 

5{P,R) < d +6{P,Q)+5iQ,R). 

The constants that appear in (b), (c), (d) and (e) depend on Co, n, d. The 
constant C in (a) depends, further, on the constants that are imphcit in the 
relations ~, <• 

Let us insist on the fact that a notation such as a = 6 ± e does not mean 
any precise equahty but the estimate \a — b\ < e. 

Proof. The estimates in (a) are immediate. The proof of (b) is also an 
easy estimate, which can be found in [To2, Lemma 2.1], for example. The 
arguments for (c) are also quite standard. We leave the proof for the reader. 

Let us see that (d) holds. If P and Q are concentric, the identity 5{P, R) = 
6{P, Q) +6{Q, R) is a direct consequence of the definition. In case P and Q 
are not concentric we have to make some calculations: 

5iP,R) = 5{P,Pq)+ f ^-J—^df,{y) 



pr\pq \y-^p\ 

1 



So we must show that 
S := 



1 



ph\pq \y-^p\ 



pr\pq \y-^p\ 



dfiiy)-6{Q,R) 



dfi{y). 



< C. 



We set 



S < 



1 



pq\q \y-zQ\ 



+ 



1 



Pr^Qr 
1 



1 



y - zp\ 

dfi{y) 



+ 



1 



\y - 



dfj.{y) 



r''\pq \y-zpr \y-ZQ\ 

= Si + 5*2 + S's. 

The integral 5*2 is easily estimated above by some constant C, since \y — 
zp\, \y — zq\ < C i{R) for y G PpAQp. An analogous calculation yields 
Si < C. For 5*3 we have 

S3<C 



Zp 



\y-ZQ\>e{Q)/2 \y-ZQ 



n+1 



<c, 
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and we are done with (d). 

We leave the proof of (e) for the reader too. □ 

Notice that if we set D{Q, R) = l + 6{Q, R) for Q / and D{Q, Q) = 0, 
then D{-, •) is a quasidistance on the set of cubes, by (e) in the preceding 
lemma. 

From (a) and the fact that Qn and Rq have comparable sizes and Qr H 
Rq 7^ 0, we get that Qr and Rq are close in the quasimetric D{-, ■). Also, 
if we denote by Q the smallest doubling cube of the form 2^Q, /c > 0, by (b) 
we know that Q is not far from Q (using again the quasidistance D). So Q 
and Q may have very different sizes, but we still have D{Q, Q) < C. 



In Remark 2^ we have explained that there a lot of big and small doubling 
cubes. In the following lemma we state a more precise result about the 
existence of small doubling cubes in terms of 5{-, •). 

Lemma 2.5. There exists some (big) constant r/ > depending only on Cq, 
n and d such that if Rq is some cube centered at some point of supp(//) and 
a > rj, then for each x G RqC] supp(^) such that 6{x,2Rq) > a there exists 
some doubling cube Q C 2Rq centered at x satisfying 

(2.4) \5iQ,2Ro)-a\<ei, 

where ei depends only on Cq, n and d (but not on a). 

Proof. Let Qi be the biggest cube centered at x with side length 2~^ 1{Rq), 
k>l, such that 5{Qi,2Rq) > a. Then, 6{2Qi,2Rq) < a. Otherwise, k = 1 
and since i{Qi) = ^(i?o)/2 and iiQi,Ro) < 4/(i?o) we get 

^(Q^^^Ro) < [ r^My) < ^°'"^^f;^" = Coie", 

Ji{Qi)/2<\y-x\,y€Q,,no IV ' ^\ ^iQlY 

which contradicts the choice of Qi, assuming rj > Cq 16". 

Now we have 5(Qi, 2flo) < « + <5(Qi, 2Qi) < a + Cq 16". Thus 

\5{Qi,2Ro)-a\ < Co 16". 

Let Q be the smaller doubling cube of the form 2^ Qi, k > 0. Then 
S{Qi,Q) < C3. Also, £{Q) < £{Ro). Otherwise, Rq C 3Q and 

6iQi,2Ro) < 5{Qi,3Q) = 5{Qi,Q) + 5iQ,3Q) < C73 + 6"Co. 

This is not possible if we assume 7/ > C3 + 6" Cq. 

Now Q satisfies the required properties, since it is doubling, it is contained 
in 2i?o, and 

\5iQ,2Ro)-a\ < \5{Q,2Ro) - 5{Qu2Ro)\ + \6iQi,2RQ) - a\ 
< 6{Q, Qi) + Co 16" < Ca + Co 16" =: si. 

□ 
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As in (d) of Lemma p.4| , instead of ( |2.4| ), often we will write S{Q, 2Rq) 
a± El. 

Notice that by (e) and (a) of Lemma |2.4| , we get 



\6iQ,Ro)-a\ < \6{Q,2Ro)-a\ + \5iQ,2Ro)-S{Q,Ro) 

< ei + 6{Ro,2Ro) + 

< ei + C + C4 := e[. 



However we prefer the estimate ( p.4D , because we have Q C 2Rq but Q Rq, 
in general. So the cube 2Rq, in some sense, is a more appropriate reference. 



Results analogous to the ones in Lemma 2.5 can be stated about the 
existence of cubes Q centered at some point x £ Rq with Q D Rq, but since 
we will not need this fact below, we will not show any precise result of this 
kind. 

If Q C R are doubling cubes and / E RBMO{fj,), then [rnqf — mfif \ < 
(l + (5((5,i?)) 11/11*. Without assuming Q C R, we have a similar result: 

Proposition 2.6. Let Q,RcR''- be doubling cubes. If f e RBMO{ijl), then 

\mQf -mRf\<{C + 25{Q,R))\\f\l. 

Proof. Suppose, for example, ({Rq) > ^{Qr). Then, Qr C 3i?Q. 

Let 3i?Q be the smallest doubling cube of the form 2^ "^Rq, k > 0. We 
have 

S{R, 3Rq) = 5iR, Rq) + 5iRQ,3RQ) < 6iR, Q) + C. 

Thus 

(2.5) \mRf - m^J\ < (1 + C + 5{R, Q)) \\f\U. 
We also have 

^q) < C + 5(Q, 3i?Q) + SimQMq) <C + 5{Q, Qr) + 5{Qr, 3Rq). 
Since Qr and Rq have comparable sizes, 5{Qr,3Rq) < C, and so 

5iQ,3RQ)<C + 5iQ,R). 

Therefore, 

(2.6) IrnQf-m^-^Jl < (l + C + 6{Q, R)) \\f\U. 

By ( |2.5D and (|2.6|) , the proposition follows. □ 



3. The easy implication of Theorem 1.2 



In this section we will prove the "only if" part of Theorem L2 



Lemma 3.1. The operator M$ is bounded from H^l'^{fi) into L^(/i). 
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Proof. Let b = Aj Oj be an atomic block supported on some cube R, with 
Aj G M, where Oj are functions supported on cubes Qi d R such that ||aj||oo < 
{{l + 5{Qi,R))^Ji{2Qi))-\ We will show that ||M<i,6||ii(^) <CEi|Ail- 

First we will estimate the integral f^d\^2R d^. For x G M*^ \ 2i? and 
(/3 ~ X, since J bdfi = 0, we have 



bifdn 



(3.1) 
Thus 

(3.2) 



Ky) (v'(?/) - ¥'(^;r)) d/^(y) 



\x - zr\ 



[ M^bdfi < C||6||z.i(^) / 



i{R) 



X - zr\ 
< C||6||ii(^) <C5]|A,|. 



Now we will show that 

(3.3) / M^m dfi < C, 

J2R 

and we will be done. If x G 2Qi and 99 ~ x, then 
ai ip dfj. 



So 



< C ||ai||L°°(/j) ll¥'llLi{/i) < C* ||ai||ioo(^). 
/ M$ai dfj. <C ||ai||ioo(^) fi{2Qi) < C. 



For X G 2R \ 2Qi and 93 ~ x, we have 
J aupd^i 

Therefore, 

M^Qidfj, < C ||aj||^i(^) 



1 



\X-ZQ,\ 



2R\2Qi 

(3.4) 

and (|3^ follows. 



1 



2R\2Qi \X - ZQ^ I 



■ dfj,{x) 



< C\\a^\\Liif,)il + 6{Qi,R))<C, 



□ 



4. An approach by duality for the other implication 

We have to show that if / G L^(/i), / f dfj, = and M$/ G L^ifJ.), then 
/ G h]^^{^). We will obtain this result by duality, following the ideas of 
Carleson [|Ca| . So we will prove 
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Lemma 4.1 (Main Lemma). Let f G EBMO{fi) with compact support 
and j f dfi = 0. There exist functions km £ m>0, such that 

oo „ 

(4.1) fix) = hoix) + / 

(x) hm{y)dn{y), 

m=l 

with convergence in L^{lj) where, for each m > 1, ipy^m ~ U, o,nd 

oo 

(4.2) ^ <C 11/11,. 

m=0 

Let us see that from this lemma the "if" part of Theorem ( |1.2[ ) foUows. 
Consider / G i^(^) such that //d/i = and M$/ € L^ifJ-)- Assume first 
that / G L°°{iJ,) and has compact support. In this case, / S H^^{^) and 
so we only have to estimate the norm of /. 

Since EBMO{fi) is the dual of Hll'^{fi) given / G L^{fi), by the 

Hahn-Banach theorem we have 



sup |(/, 5)1- 

Il9l|.<l 



Since J f dfi = 0, we can assume that g has compact support and J gdfi = 0. 
Then, applying the Main Lemma to g we get 



5)1 < 



fhodfi 



+ 



OO ^ ^ 

^ // Vy,m{x)hm{y) f{x)d^{x)dii{y) 

m=l 



Since J |v9y^m(2;) /(a^)! dfi{x) < AI^f{y), we have 



l(/,<?)l < 



L1(m) ll^o||L°°(^t) 



r?i=l 



+ ^ / AUf{y)\hmiy)\dfi{y) 



< 



Hm) ll^o||L°°(/i) + l!^^<I>/llLi(At) 



m=l 



< C (||/||li(^) + I|M$/||z.i(^)) \\g\U. 
That is, WfWni^^i,) < c {WfUn,) + imfWm,)). 

In the general case where we don't know a priori that / S H^^'^{fi), we 
can consider a sequence of functions bounded with compact support such 
that J fndfi = 0, fn ^ f in L^(//) and ||M$(/ - /n)||Li(^) 0, and then 
we apply the usual arguments. The existence of such a sequence is showed 
in Lemma 9A, in the Appendix. 

The rest of the paper, with the exception of the Appendix, is devoted to 
the proof of the Main Lemma. 

5. The inequality of John-Nirenberg 



In |To3| it is shown that the functions of the space EBMO{^) satisfy a 
John-Nirenberg type inequality. Let us state the precise result. 
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Theorem 5.1. Let Q CW^ be a doubling cube. If f e BBMO{ii), then 
m{x G Q : 1/ - mg/l > A} < ii{Q) exp , A > 0, 

where C^,C%> Q are constants that only depend on Co, n, d. 

In the proof of the Main Lemma we will need a version of the above 
inequality which appears to be stronger (although it is equivalent). In this 
section we will state and prove this new version of John-Nirenberg inequality. 

Definition 5.2. Given a doubling cube Q, we denote by Z{Q, A) the set of 
points X EiQ such that any doubling cube P with x e P and £{P) < i{Q)/A 
satisfies \mpf — rnqf] < A. 

In other other words, Q \ Z{Q, A) is the subset of Q such that for some 
doubling cube P with x G P and £{P) < £{Q)/4: we have 

\mpf -mqfl > A. 

Proposition 5.3. Let Q CW^ be a doubling cube. If f G EBMO{^j), then 
M(g \ Z{Q, A)) < C'^ ^i{Q) cxp , A > 0. 

where Cg, Cg > are constants that only depend on Cq, n, d. 

Proof. The arguments are quite standard. For any x ^ Q \ Z{Q, A) there 
exists some cube Px which contains x, with i{Px) < £{Q)/4: and such that 
I'l^Pxf ~ "^q/I > A. Then by Besicovich's Covering Theorem, there are 
points Xi E Q \ Z{Q, A) such that 

Q\Z{Q,\)c[j2Pi, 

i 

and so that the cubes 2Pj, i = 1,2,..., form an almost disjoint family. 
Observe that the Covering Theorem of Besicovich cannot be applied to the 
cubes Px (they are non centered), however we have applied it to the cubes 
2Px, which are non centered too, but fulfil the condition 

X G 2 2Pr. 

That is, the point x is "far" from the boundary of 2Px. Under this condition, 
Besicovich's Covering Theorem also holds. 

Since, for each i, i{Pi) < £{Q)/A and Pi D Q 0, it is easlily seen that 
2Pi C iQ. Then, 

/x(Q\Z(Q,A)) < 5;]M2i'i) 

< C exp (|/(x) - m^/l A;) exp(-Afc) d//(x). 



< 
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where k is some constant that will be fixed below. Now, we have 

exp(|/(x) -mg/lfc) < exp (^1/(3;) - mrg/l /c^ exp (^ImTg/ - mg/l fc^ 

< exp (|/(x) - m7_Qf\ k) exp {C \\f\U k) . 

The last inequality follows from \miQf — mqfl < C (notice that the 
cube iQ is (f , 2'^+^)-doubling). 

Therefore, by Theorem |5.1| (which also holds for cubes that are (|, 2'^"'"^)- 

doubling instead of (2, 2'^"'"^)-doubling, with constants Ci and C2 instead of 
Ci and C2) we have 

f,{Q\Z{Q,X)) 

< C expi-\k) exp{C\\f\Uk) f exp (\f{x) - mj^fl k\ dfi{x) 

= C exp(— A A;) exp (C 11/11* A:) 

X ^ /i |x E |Q : exp (^\f{x) - m7_^f\ k^ > t| dt 

< C/x(|Q)exp(-AA:)exp(C||/||,A:)y^ Ci exp ( j dt. 
So if we choose k := C2/2||/||,,, we get 

^i{Q\Z{Q^)) < CfiCiQ) exp (^^^) < CKQ) exp (^^^) • 

□ 

6. The "dyadic" cubes 



In |Ca], Carleson proves a result analogous to the one stated in the Main 
Lemma for fi being the Lebesgue measure on M*^. He uses dyadic cubes of 
side length 2""*^, where A is some big positive integer. In our proof, we will 
also consider some cubes which will play the role of the dyadic cubes with 
side length 2"™"^ of Carleson. In this section we will introduce these new 
"dyadic" cubes and we will show some of the properties that they satisfy 
and that will be needed in the proof of the Main Lemma. 



As in |Ca|, we will take some big positive integer A whose precise value 
will be fixed after knowing or choosing several additional constants. In 
particular, we assume that A is much bigger than the constants Eq, £1 and 
7] of Section ^. 

Definition 6.1. Suppose that the support of the function / of the Main 
Lemma is contained in a doubling cube Rq. Let m > 1 be some fixed 
integer and x € supp(/x) n Rq. If 6{x,2Rq) > m A, we denote by Qx,m a 
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doubling cube (with Qx,m > 0) such that 
(6.1) |5(Q,,„,2i?o)-r 



mA\ < El. 



Also, V!^ = {Qi,m}i£i^, is a subfamily with finite overlap of the cubes Qx,m, 
such that each cube Qi^m = Qyi,m is centered at some point yi G supp(/z)ni?o 
with 5(yj,2i?o) > mA, and 



(this family exists because of Besicovich's Covering Theorem). 

If 5{x,2Rq) <mA, we set Qx,m = {x}- We denote by the family of 
cubes Qx,m = {x} such that 5{x,2Rq) < mA and x ^ Uig/' Qi^m- We set 
V —V' WV" " 

The cubes Qx,m, x G supp(^) fl i?o (not necessarily from the family Vm) 
are called cubes of the m-th generation. 

Obviously, the whole family of cubes in Dm has also finite overlap. Notice 
that if X is a point in supp(/i) such that 6{x,2Rq) = oo, then i{Qx,m) > 
for all m > 1. Otherwise, there exists some rriQ such that i{Qx,m) = for 
all m > m-Q. 

It is easily seen that if A is big enough, then i{Qx,m+i) < ^{Qx,m)/W (a 
more precise version of this result will be proved in Lemma |6.3| below). So 
^{Qx,m) as m ^ OO. 

If A is much bigger than ei and Qx,m {^}) then 6{Qx,m,2Ro) ~ mA. 
However, the estimate ( |6.lD is much sharper. This will very useful in our 
construction. 

Lemma 6.2. Assume that P and Q are cubes contained in 2Rq whose cen- 
ters are in Rq . Let S he a cube such that P,QcSc 2Rq . 



In particular, this lemma can be applied to cubes P and Q belonging to 
the same generation m, with (3 = 2ei (assuming £{P),£{Q) ^ 0). 

Proof. Both statements are a straightforward consequence of (d) in Lemma 




(a) If\6{P,2Ro)-6{Q,2Ro)\ < /3, then 

\6{P,S)-6{Q,S)\<p + 2eo. 

(b) // \6{P, S) - 6{Q, S)\<P, then 

\6{P,2Ro) - 6{Q,2Ro)\ < /3 + 2eo. 



2.4, since 



6{P, 2Rq) = 6{P, S) + 6{S, 2i?o) ± 



and 



6{Q, 2Ro) = 5{Q, S) + 5{S, 2Rq) ± eq. 



□ 
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The constants eo and ei should be understood as upper bounds for some 
"errors" and deviations of our construction from the classical dyadic lattice. 

We will need the following result too. 

Lemma 6.3. Assume that A is big enough. There exists some 7 > such 
that if Qx,m^Qy,m+i / 0, X, y € supp(/i), then i{Qy,m+i) < 2~'^^- 



Proof. We can assume Qy^m+i ill}- Let > 1 be some fixed constant. 
If i{Qy,m+i) > 5"^^(Qx,m), then C 3B Qy 

^m+i- So, if Rx is a cube 
centered at x with side length QB i{Qy^rn+i), we have Qx,m,Qy,m+i C Rx- 
By (c) of Lemma 2.4 we get 

SiQy,m+l,Rx)<C (^l + log(^^^^^^^ <C{l + l0gB). 

Since 

5{Qy ,m+l 1 2Ro) = 5{Qy ,m+l) Rx) + 5{Rxi ^Ro) i ^0) 
if we set i? = 2''''^, we obtain 

5{Rx,2Ro) > {m + 1) A - ei - eo - C{1 + ^ Alog2). 

Then for 7 small enough we have 

S{Rx,2Ro) >{m + l)A-ei-eo-C-^A> mA + ei. 

This implies 5{Qx,m, 2Rq) > mA + ei, which is not possible. □ 

As a consequence, we obtain 

Lemma 6.4. Assume that A is big enough. If x,y G supp(/i) are such that 
Qx,m n Qy,m+k / (with k > I), then i{Qy,m+k) < 2"^ '^'^ £{Qx,m)- 

Proof. By the previous lemma, £{Qyj+i) < 2~'^ ^ £{Qyj) and i{Qy,m+i) < 

2-^'^£{Qx,m)- This gives e{Qy,m+l) < 2-^^^i[Qx,ra). ' ' □ 



7. An APPROXIMATION OF THE IDENTITY 

The proof of the Main Lemma will be constructive. At the level of cubes 
of generation m we will construct a function km yielding the "potential" 

^y,m {x 

(to be precise, instead of one function km, for each m we will have N func- 
tions /i^, . . . , h^, but this is a rather technical detail that we can skip now). 
The potentials Um will compensate the large values of / at the scale of cubes 
of the generation m. So the arguments will be similar to the ones of |]Ca[| . 

However, in our situation several problems arise, in general, because of 
the absence of any kind of regularity in the measure /i (except the growth 
condition (pH])). For example, in []Ca| the potentials Um are convolutions 
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with approximations of the identity: Um = fm * hm- Using the previous 
notation, we have 

'PyA^) = Pm{y -x) = 2™^" ^{2^^{y - x)). 

This is not our case. The measure is not invariant by translations and we 
don't know how it behaves under dilations (notice that if /i were doubling, we 
would have some information, at least, about the behaviour under dilations). 
We need to use functions (/'j/.m such that ||v^y,m||Li(/i) = 1 (or at least equal 
to some value close to 1). So ,m cannot be obtained as a translation of 
'■Py,m foi" y' 7^ y-, neither as a dilation of fej k ^ m. In this section we will 
show how these problems can be overcome. 

We denote 

a ■= lOeo + lOei + W+'^Cq. 

We introduce two new constants ai , 02 > whose precise value will be 
fixed below. For the moment, let us say that eo, ei, Co, cr <C ai <C 02 <^ A. 



Definition 7.1. Let y G supp(;u). We denote by Q^^^j Qj/,m) Qy,m) Q 
Qy,m some doubling cubes (with positive side length) centered at y such 
that 



(7.1) 



S{Qy,m, 2i?o) 


= niAziz 




<^(Qy,m) 2-Ro) 


= mA — 




^{Ql,m: 2i?o) 


= mA — 


ai — a ± El, 


KQy,m-: 2-Ro) 


= mA — 


ai — a2 i £i) 


KQl,m-: 2-Ro) 


= mA — 


ai — a2 — cr ± El, 


KQy,m-: 2-Ro) 


= mA — 


OL\ — 0L2 — 2 a ^ E\ 



By Lemma we know that if 6{y,2RQ) > mA, then all the cubes Qy^^ 

Qy,m! Qy,m: Qy,mj Qy,m exist. Otherwise only some (or none) of them may 
exist. If any of these cubes does not exists, we let this cube be the point 



Notice that we can only assume that the estimates in ( |7.lD hold for the 
cubes Q wich are different from {y} (i.e. with £{Q) > 0). So if ^ = {?/}) 
say, then, we only know that S{Qy ,^, 2Rq) < m A — ai — a + Ei. 

Lemma 7.2. Let y € supp(/i). If we choose the constants ai, 0.2 and A big 

enough, we have 



(7.2) Qy,m C Qy^m Qy,m Qy,m *^ Qy,m Qy,m Qy, 



m— 1 • 



Proof. Notice first that for ai, 02 and A big enough, then the numbers that 
appear in the right hand side of the estimates in ( [7.1D form an estrictly 
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decreasing sequence. That is, 



ITlA — 


£i 


> m 


A — ai + £i. 


mA — 


ai 


-£l 


> mA — ai — a + ei, 


mA — 


«! 


— a - 


-El > m A — ai — a2 + Si 


mA — 


Oil 


— a2 


— Si > m A — ai — a2 — cr + Si, 


mA — 


Oil 


— Q!2 


— a — El > m A — ai — a2 — 2a + £i 


mA — 


ai 


— a2 


-2a-£i > {m-l)A + ei. 



Let us check the inclusion Q^^^ C Qy^m, for example. Suppose first that 
Qlm 7^ {2/}> then 

S{Qy .^,2Ro) = m A - ai - a2 ± El. 
If Ql^jn = {y}i the inclusion is obvious. Otherwise, 

S{Qy „i^ 2Rq) = m A — ai — a ± El. 

Then 5{Ql^,2Ro) > 5{Qy.^,2Ro), and so Q^.^ C Ql^m- Assume now 
Qlm = {y}- Then, 

S{y, 2Rq) < m a - ai - a2 + El. 

In this case there is not any cube Q^^^ satisfying 

(5(Q^^,2i?o) = mA-ai -a±£i, 

and so, by our convention, Q^rn — {j/}- That is, the inclusion holds in any 
case. 

The other inclusions are proved in a similar way. □ 

For a fixed m, the cubes Q^rn have very diferent sizes for different 
y's. The same happens for the cubes „ Nevertheless, in the following 
lemma we show that we still have some kind of regularity. This regularity 
property will be essential for our purposes. 

Lemma 7.3. Let x,y be points in supp(;u). Then, 

(a) If Q X ^ n Qy rn ~/~ ^ then ^ CZ Qy m ? i^ pavticuldv x G Qy rn • 

(b) // Ql,m n + 0,then Ql^^ C Q^^, in paHicular x G Q^^. 

So, although we cannot expect to have the equivalence 

y ^ Qx,m X G Qy^mi 

we still have something quite close to it, because the cubes „ and Ql ^ 
are close one each other in the quasimetric D{-,-), since ^iQx m^Qx m) is 
small (at least in front of A). Of course, the same idea applies if we change 
1 by 2 in the superscripts of the cubes. 
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Proof of Lemma 7.5. Let us proof the statement (a). The second statement 
is proved in an analogous way. Let x, y be as in (a). If i{Ql^rn) > KQx,m) i^^ 
particular, Qy ^n 7^ {y}); then Q^ „^ C SQy^m <^ Qy,m (the latter inclusion 
holds provided 5{Ql^,2Ro) < 6{Ql^,2Ro) - 6"Co)- 

Assume now ^(Ql^m) ^ KQx,m)- If Qx,m = {^}) then x = y and the result 
is trivial. If Ql-^ 7^ {^}^ we denote by Py a cube centered at y with side 
length 3i{QlJ. Then, Q^^^ C C GQ^^ and so < 12" Cq. 

Thus 

^ <5(Qi,m) 2-Ro) — 12" Co — £0 

> mA — ai — a + Ei. 
Therefore, Ql „, / {y} and ^ ^'j/ ^2 Q^^^. □ 

Now we are going to define the functions '^y^m- First we introduce the 
auxiliary functions ipy^m- 

Definition 7.4. For any y £ supp(/i) n2i?0) the function ipy^m is a function 
such that 

1. < Vv. mi^) ^ min 



2. il^y,m{x) = if 3; G Q2 „ \ Qi 

3. SUpp(V'y,m) C 



y,' 

o2 \ n 



It is not difficult to check that such a function exists if we choose C12 big 
enough. We have to take into account that 2Qy^^ C Qy^m- This is due to 
the fact that 6{Ql^, 2QlJ < 4"Co < 6{Ql^, QU if i{QlJ + 0. 

In the definition of V'i/,m5 if Q\^m — then one must take l/^((5y^m) = 
cxD. If „j = {y}, then we set V'j/,m = 0. This choice satisfies the conditions 
for the definition of V't/.m stated above. 

Choosing a2 big enough, the largest part of the (fi) norm of V'?;,m will 
come from the integral over Qy ^^ \ Q\^m- state this in a precise way in 
the following lemma. 

Lemma 7.5. There exists some constant £2 depending on n, d, Cq, Eq, Ei 
and a (but not on ai, 02 nor A) such that if Qy^m 7^ {v}' then 

(7-3) |llV'y,m||Ll(;,) - < £2 

and 



(7.4) 



^,m||Li(/.) - / ^ 1 [;r^^(^^ 

' 12 \ni \y — xr 



<£2. 
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The proof of this result is an easy calculation that we will skip. A direct 
consequence of it is 

If 1 

lim — / — dfi{x) = 1 

a2-oo a2 JqI^\QI^ \y - 

for y £ supp(^) such that 5(y,2i?o) > mA. 

Definition 7.6. Let Wi m be the weight function defined for y € Uif=r' Qi m 
(these are the cubes of Vm with £{Qi^m) > 0) by 

iv) 



If y S supp(/u) n 2Rq belongs to some cube Qi^m centered at some point yi, 
with i{Qi^rn) > 0, then we set 

i 

If y does not belong to any cube Qi^m with £{Qi^m) > (this implies 
5{y, 2Rq) < mA and Qy^m = {v}), then we set 

Setting Wi^rn{y) = XQ,,^{y) if ^(<5i,m) = 0, we can write 

i 

for any y. 

Let us remark that a more natural definition for (py^m would have been 
the choice (py^m{x) = ipy,m{x) for all y. However, as we shall see, for 
some of the arguments in the proof of the Main Lemma below (in Subsection 
3.2), the choice of Definition 7.6 is better. 

In order to study some of the properties of the functions (py^m, we need 
to introduce some additional notation. 

Definition 7.7. Given x e supp(/i), we denote by Q^x,m. ^ doubling cube 
centered at x such that 5{Q^x ,^,2Rq) = m A — ai — 02 — 3 a ± ei. Also, we 
denote by Q]. ^ and Ql ^ some doubling cubes centered at x such that 

SiQl,m^ 2i?o) = mA - ai + a ± si, 
^{Qx,m^ 2i?o) = m A — ai + 2a ± ei 
(the idea is that the symbols ^ and " are inverse operations, modulo some 

small errors). If any of the cubes Q], ^, Q^x,m does not exist, then we 
let it be the point x. 
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So, when 6{x, 2Rq) is big enough, one should think that Q^^ m is a cube a 
httle bigger than Q^^^n, while Q^^^ is a little smaller than Q^.^^- Also, Q^ j^ 
is a little smaller than Q\ but still much bigger than Qx,m- 

Lemma 7.8. Let x,y (z supp(^). For ai and big enough, we have: 
(a) If X ^ QxQ,m and y Qxom> then ipy^rn{x) = 0. In particular, 

an ^ 



(b) Ify£ Ql „^, then ipy^m{x) < C ■ . 

(c) Let £3 > be an arbitrary constant. If ai is big enough (depending on 
£3, Cq, n, d but not on 02), then 

\y -^i 

and 

^y,m{x) > I _ |„ if y ^ Qx,in \ Qx,m- 

\y x\ 

(d) If X e Qxo,m, then 

\f'iimix)\ < C min ( ^ — -, 1 ; — -r ) . 



Notice that, in Definition |7.4| of the functions ipy^nn the properties that 
define these functions are stated with respect to cubes centered at y {Qy^m^ 
Qy,m^ Qy,m---)- ^his lemma some analogous properties are stated, but 
these properties have to do with cubes centered at x or containing x {Qxo,m, 
O"^ ) 

Proof, (a) Let xq € supp(/x) and x € Qxo,m- If Vy,m{x) / 0, there exists 
some i with y £ Qi^rn = Qy„m and x G Ql^^m- Then Q'i^^rn'^Ql^^rn / 
and so y € Qy-,m Qxo,m (as in Lemma fT^) . 

(b) Let y € Qx^rn let yi be such that y € Qyi,m- We know that 
So we are done if we see that HQl-^m) ^ KQx,m)- 



As in Lemma 7.3, we have 

y ^ Qx,m ^ Qyi,m ^ Qx,m 7^ =^ Qx,m Qyi,m- 

Thus < £(gi^,^). 
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(c) Let US see the first inequality. If y m V belongs to some 
cube Qy^^m with i{Qy^^m) > 0, then x Qy,,m because otherwise, as 
in Lemma 7^, we would get Ql^^m Qx,m- However, since we assume 
ai ^ (7, the cube Ql-^m is bigger than Qy^^m and contains y. So 
y ^ Qi mi which is a contradiction. 

Since x Qli^m i'bis cube is much bigger than Qy^^m-, if oi is 
big enough we get 

^ (1 + £3) 



— xj"- \y — xj" 
As this holds for all i with Wi^m[y) 7^ 0, we obtain 

"2^ (1 + £3) 



(Py,m{x) < 



\y — x]"^ 



This inequality also holds if i{Qyi,m) = with £3 = 0, since in this 
case yi = y. 

We consider now the second inequality in (c). Let y G supp(^) be 
such that y € Ql^m \ Qi,m- If 2/ 6 Qy,,m with £{Qy^,m) > for some i, 
by Lemma 7^ we get x G Q^^,™, \ Ql^,m- Since this is satisfied for all i 
such that Wi^m{y) 7^ 0, 

If ai has been chosen big enough, then iiQ^.^ ^ (^{Qyi,m) and one 
has 

^2^ > (1 -£3/2) 



|yj — xy \y — 

Thus 

(7.5) ^.,™(^) > 

If y G Qx,m \ Qa;,m and y G Qi,m with l{Qi.m) = 0, then by Lemma [T] 
we also get x G „^ \ Q\ ,^ (in particular „^ / {y}). Then (|7?5| ) 
holds in this case too (with £3 = 0). 

(d) Suppose first that y G Oxo,m- i'bis case we must show that 

yyAx)\ < C . 2 _ 

Let yi be such that y G Qyi,m- We know that 

^ ^^)n+l • 
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By the definition of ipy{x), it is enough to see that i{Qy.^jri) > ^{Qx^^m)- 
This follows from the inclusion Q^.^m ^ Qxo,rm which holds because 
y € Qli,m ^ Qxo,m then we can apply Lemma (in fact, a slight 
variant of Lemma |7.3| ) . 

Suppose now that y ^ It is enough to show that 



On 



y — 



Let yi be such that y £ Qy^^m- By definition we have 

Wii- rr,{x)\ < C -. TT • 

\ry^,m\ i\ — ^ n+1 

We are going to see that 

(7.6) \y-yi\<\y-x\l2. 

Assume \y — yi\ > \y — x\/2. Then, since x G |Qio,m (for ai big 
enough) , 

(7.7) l{Qy^,m) > \y-x\> iiQl,^J. 

Notice that from the first inequality in (|7.7]) we get dist{x, Qy.^m) < 

Ci{Qyi,m)- In this situation we have Qig^m C C Qy^^m C Ql^^m- This 

is not possible, since by Lemma 7^ we would have Q^^^m ^ Qyi,rm ^.nd 

then we would get Oio,m = Qyi,m- This would imply xq = yi and also 

xq = yi = Qig^m = Qyi,mj ™d then y = yi which is a contradiction 
because we are assuming that ( |7.6P does not hold. 
So (|7.6|) is true and \yi — x\ \y — x\. Thus 



\^y,,mix)\ < C- 



a 



-1 

2 



Since this holds for any i such that y E Qyi,m, we get 



□ 

Some of the estimates in the preceding lemma will be used to prove next 
result, which was one of our main goals in this section. 

Lemma 7.9. For any £3 > 0, if ol\ and Q2 are big enough, for all x £ 
supp(//) we have 

(7.8) / ify^mix) df^{y) < 1 + 63. 
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If X G supp(^) is such that there exists some cube Q S Vm with Q 3 x and 
(-{Q) > (in particular if 6{x,2Rq) > mA), then 



(7.9) 



1 - £3 < / ^y,m{x) d^{y) 



Let us observe that if // were invariant by translations and ^y^m{x) = 
ifmiy—x), then ( [7 -SO and ( |7.9| ) would hold with £3 = (choosing || m||Li(/x) 
= !)• 

Proof. Let us see (|7.9|) first. So we assume that there exist some cube 
Qi,m € l^m containing x with £{Qi^rn) > 0. Since x € Qj,™ C Qj^^' 
Oj^m Qxm- particular, ^(Q^^) > 0. By Lemma 7^ and the second 
inequality of (c) in Lemma |7.8| we get 



iPy,mix)dfi{y) > 



^y,m{x) dniy) 
a^' (1 - £3/2) 

> a2i(a2-2£2)(l-£3/2). 



> 



So (|7.9D holds if we take a2 big enough. 



Consider now (|7.8D . By (a) in Lemma 7^ have 

iPy,mix) dfi{y) = Lpy^m{x)dii{y). 

Thus we can write 
(7.10) 



V^y,mix) dfl{y) = I ipy^raix) dfl{y) + ipy^rnix) dn{y) . 



Let us estimate the first integral on the right hand side of ( |7.10| ). Using 
the first inequality in (c) of Lemma 7.5 we obtain 



(Py,m{x) dfi{y) < 



& X ,m \^ x,m 



a^' (1 + 83/2) 



i3 vol \y — x\ 

x,m \ x.m ' ' 



dfi{y) 



(7.11) 



< a^^(a2 + 4fT + 2£i)(l+£3/2). 



Let us consider the last integral in ( [7.10D (only in the case m {^D- 
By (b) in Lemma 7^ we have 



(7.12) / iPy,raix) dfi{y) < 

From (I7.11D and ([tI^ ) we get Q 



P ^n ^^^^ — ^ ^ 



□ 
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8. Proof of the Main Lemma 

8.1. The argument. As stated above, ^ is a large positive integer that 
will be fixed at the end of the proof. We assume that the support of / is 
contained in some doubling cube Rq, and for each integer m > 1 we consider 



the family Dm of "dyadic" cubes Qi^m, i ^ Im, introduced in Definition |6.1| , 
and we set V = IJm>i '^'m- Recall that the elements of V may be cubes with 
side length 0, i.e. points. 

For each m we will construct functions gm and hm- The function gm 
will be supported on a subfamily of the cubes in P^- On the other 
hand, bm will be supported on a subfamily of the cubes in Dm- We set 
^ ij^^^ -pG j^^j ^ y^^^ r^Yie cubes in P*^ will be called good 

cubes and the ones in bad cubes (let us remark that in the family l^rn-! 
in general, there are also cubes which are neither good nor bad). 
From gm and bm, we will obtain the following potentials: 

U^ix) = j <py,mix)gmiy)dfi{y), 

U^{x) = j '^y,mix)bmiy)dn{y), 
Um{x) = Ug{x)+Ug{x). 

This potentials will be successively subtracted from /. We will set 

m 

fm+l{x) = f{x)-^ Uj{x) = fm{x) - Um{x) 

i=i 

and 

oo 

(8.1) hQ = f -y^Um = lim fm. 

m=l 

The support of the functions bm, U^, will be contained in 2i?o- 

By induction we will show that the functions gmy bm: Um and fm fulfil 
the following properties: 



(a) Iffml, \bm\ <CsM 

(b) \mQfm+i\ < A 11/11, if Q G Vm and 1{Q) > 0. 

7 

(c) If ^ on g, Q G with £(Q) > 0, then \mQfm+i\ < ^ ^ I 

(d) UQ eVm and \mQfm\ < — ^ ||/||*, then Um = and gm = bm = 
on Q. 

(e) UQ eVm and d{Q, 2Rq) < {m - ^) A (so i{Q) = 0), then Um = 
and gm = bm = on Q. 



Finally, we will see that our construction satisfies the following properties 
too: 
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(f) If 5(x,2i?o) < oo, then \ho{x)\ < CgAH/H,, and if Q G Vm and = 
0, then Img/m+il = \ fm+i{zQ)\ < Cc,A\\f\\^. 

(g) For each m, there are functions g}^, ... ,5/^ such that 

TV 

(g-1) ^m(a^) = X] / 'fy,m{x)gli{y)d^i{y), where is defined below. 
(g.2) <2C^^||/||, forp = l,... ,A^, 

(g.3) The functions 'Ylip=i have disjoint supports for different m's. 

(h) The family of cubes that support the functions b^, m > 1, satisfies 
the following Carleson packing condition for each cube R G with 
£{R) > 0: 

(8.2) Yl 1^{Q)<CKR). 

Q:QnR^0 

Let us remark that if some cube Q coincides with a point {a;}, then we 
set mQfm = fm{x)- Also, the notation for the sum in (h) is an abuse of 
notation. This sum has to be undestood as 

Q:QC2R Q:e{Q)>0,QC2R k>m 

QeD^,k>m Q€D^,k>m 

On the other hand, the number that appears in (g) is the number of 
disjoint families of cubes given in the Covering Theorem of Besicovich, which 
only depends only on d. 

The functions ^p^,m of (g) are defined as follows. We set Dm = T>}^ U 
• • • U P^, where each subfamily Dm is disjoint (recall that the cubes of Dm 
originated from Besicovich's Covering Theorem). Then we set 

if y € Qi,m with Qi^m G T^m, and (py^m{x) = if there does not exist any 
cube of the subfamily containing y. 

First we will show that if there exist functions gm and hm satisfying (a)- 
(h) then the Main Lemma follows, and later we will show the existence of 
these functions. 

It is not difficult to check that if ( |4.1| ) and ( [4.2| ) hold, mi then the sum of 
( |8.1D converges in Lj^^{jj.) (this is left to the reader). Since the support of 
all the functions involved is contained in 2Rq, the convergence is in L^(/i). 

Let us see now that if (b) and (f) hold, then ||/io||l°°(^) ^ C'^||/||*- 
Taking into account (f), we only have to see that |/io(2;)| < C'j4||/||* for 
X G supp(/x) such that 6{x,2Rq) = 00. In this case, if Q G is such that 
X € Q, then i{Q) > 0. We are going to see that 

(8.3) \mQfm\<CA\\f\U foTQeVk,k<m-l 

(not only for k = m — 1, which is a direct consequence of (b) and (f)). Take 
Q € -Dfc, k < m — 1. This cube is covered with finite overlap by the family of 



26 



XAVIER TOLSA 



cubes Moreover, if P G Vm-i and P n Q / 0, then ({P) < iiQ)/lO 

by Lemma |6.3| , and so P C 2Q. Thus we get 



\fm\dii<Y^ / \Udfi<CA\\f\Uf,{2Q)<CA\\f\Ui^{Q), 



and (8.3) foUows (notice that, as remarked above, we have abused notation 
for the cubes which are single points). 

Then /iq wih satisfy Img/iol < C A ||/||* for all Q G I? containing x, be- 
cause the sequence {fm}m converges to ho in L^{^j). Then, by the Lebesgue 
differentiation theorem we will get that |/io(2;)| < C^||/||* (this theorem 
can be applied to the cubes Q & V which are non centered because they 
are doubling) for /i-a.e. x G supp(/i) with 6{x,2Rq) = oo. Therefore, 
\\ho\\L^if.)<CA\\f\U. 

Observe that the functions gm in (g-1) originate the same potential as gm- 
In fact, they will be constructed modifying slightly the function g^ in such 
a way that they are supported in disjoint sets for different m's. By (g.2) we 
have 



N 



}^}_^\gPJ<2NCsA\ 

m p=l 

The supports of the functions bm may be not disjoint. To solve this prob- 
lem, we will construct "corrected" versions (6^, p = 1, . . . , N) of Wi^mbm- 
Moreover, as in the case of gm, the modifications will be made in such a way 
that the potentials 11^. will not change. 



8.2. The "correction" of bm- We assume that the functions bm, m > 1, 
have been obtained and they satisfy (a)-(h). We will start the construction 
of some new functions (the corrected versions of Wi^m bm) in the small cubes, 
and then we will go over the cubes from previous generations. However, since 
there is an infinite number of generations, we will need to use a limiting 
argument. 

For each j we can write the potential originated by bj as 

For a fixed m > 1 we are going to define functions u J^-, for j = m,m— 1, ... ,1, 
and all i € Ij. The functions vf^j will satisfy 

(8.4) supp«,) C Qij, 

where Qij G Vj, the sign of vYj will be constant on Qij, and 

(8.5) / v^jiy) df,{y) = [ Wi,,{y) b,{y) df,{y). 
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Moreover, we will also have 

m 

(8.6) j;j;K,|<CnA||/IU. 

j=i 

We set t'7m(y) ~ Wi,miy)bmiy) for all i £ Im- Assume that we have 
obtained functions t'f^, • • • "^ffc+i for all the i's, fulfiling (|8.4D , (8.5), 

and such that 

m 

5^ 5]|<,.|<i?A||/||., 

where B is some constant that will be fixed below. We are going to construct 
v^l^ now. 

Let Qig^k £ T^k be some fixed cube from the A;-th generation. Assume first 
that Qio,fc a single point. Since the cubes in the family satisfy the 



packing condition (^.2[), for any t > we get 



^ j=k+lielj ^ 

1 r 



J 

1 

< 



^ m 



Q'^Df,j>k 



Therefore, if we choose t = 2Ci2 ^ ||/||* and we denote 



vCk = {y ^ Qio,k : E T.KM<t]^ 
^ j=k+i ieij ^ 

we have > ^^liQ^,,k)■ If we set t;,*^;- = c^^^ xv;^,,, where c^ ^- G E is 

such that (|8.5| ) holds for i = zq, then 

ICfcl < [ \wi,k(.y)bk{y)\dfi{y) <2CsA 



By the finite overlap of the cubes in P^, we get 

E \vZk\<CB2CsA 
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where is the overlap constant in the Covering Theorem of Besicovich. 
Now if we take B := 2Cb Cs + 2Ci2, we wih have 

m 

(8.7) K,k\+ E EK.i^^^ii/ii*- 

In case Qi^^k is a single point {y}, then we set v^i^{y) = Wi^^kiv) bk{y) = 
bk{y)- All the cubes of the generations . . . ,m that intersect QiQ^k = {u} 
coincide with {y} by Lemma From (e) we get that bk+i{y) = 6^+2 (y) = 
• • • = 0, which is the same as saying that vYk+iiu) ~ ''^i\+2iy) = • • • = for 
all i. So we have 

m 

(8.8) = \^''(y^\ ^ CsA\\f\U < BA 

j=k i&Ij 



From (Ij) and (|^ we get 

m 

j=k i&Ij 

Operating in this way, the functions f™, j = m, m — 1, . . . ,1, i € Ij, will 



satisfy the conditions (|J), (|]5|) and (|8J) (with Cu = B) 

Now we can take a subsequence {mk}k such that for all i € Ii (i.e. for 
all the cubes of the first generation) the functions {v^^}k converge weakly 
in L^{p,) to some function Vi^i € L^{fj,). Let us remark that the sequence 
{mk}k can be chosen independently of i since, by the Besicovich's Covering 
Theorem, there is a bounded number of subfamilies . . . ,7?^ of Vi 
such that each subfamily is disjoint. If we denote by T)^'^ the subfamily 
of bad cubes of P^, we can write 

N 

E<i = E E <!' 

and we can choose {mk}k such that, for each p, Y^^.q_ ^^-p^-B converges 

weakly to Ei; Q,_,e7?f « 

In a similar way, we can consider another subsequence of {m^ lj of {mk}^ 
such that for all i G I2 the functions {v^2^}j converge weakly in L°°{^) to 
some function Vi^2 ^ -^^°°(/^)- Going on with this process, we will obtain 
functions Vjj, j > 1, that satisfy (|8.4|) , ( |8.5|) (without the superscript m) 
and 

00 

(8.9) EEi^^^i^^ii^ 
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Also, we have 

We denote = n and 

Recall also that ipy,m{x) = Lpy-^rn{x) if y G Qi,m with Qj^^ G P^, and 
'■f^,m,{x) = if there does not exist any cube of the subfamily Vm containing 
y. Then we have 

N 

Uiix)=Y, / ^y,m{x)Kr{y)dfiiy). 
p=l 

Now we set /im = 9m + ^m, and we get 

Af oo „ 

)hP^{y)dfi{y), 

p=l m=l 

with C ify^m ~ y for some constant C > 0, and 

N oo 

\ho\ + YYm<CA\\f\U, 

p=l m=l 

and the Main Lemma follows, by (g) and ( |8.9D . 

8.3. The construction of gm and bm- In this subsection we will construct 
inductively functions gm and bm satisfying the properties (a)-(e). We will 
check in Subsection 8.4 that these functions fulfil (f)-(h) too. 

Assume that gi,... ,gm~i and bi,... ,fom-i have been constructed and 
they satisfy (a)-(e). Let be the set of points x £ supp(/x) with 6{x, 2Rq) > 
mA such that that there exists some Q G T^m, ^{Q) > 0, with Q 3 x and 
\mQfm\ > 1^- For each x G we consider a doubling cube Sx,m centered 
at X such that 6{Sx,m, 2i?o) = it^A — ai — 02 — as ± ei, where 03 is some 
big constant with Wa2 < as <C A, whose precise value will be fixed below. 
One has to think that Sx,m is much bigger than ^ but much smaller than 
Qx,m-i (observe that all these cubes have positive side length). 

Now we take a Besicovich covering of Qm with cubes of type Sx m, x 



j,m, 



where Sj^m stands for Sx^^m, with Xj G We say that a cube Q G Vm is 
good (i.e. Q G Vg) if 

Q C 1^ -Sj^m, 



2 

j 
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and we say that it is bad (i.e. Q £ 2?^) if it is not good and 

j 

Both good and bad cubes are contained in |J^- 2Sj^m- Roughly speaking, 
the difference between good and bad cubes is that bad cubes may be sup- 
ported near the boundary of |J^- 2Sj^m, while the good ones are far from the 
boundary. 

Now we define gm and 6m : 

9m= ^ Wi,mmQ^^^{fm), 



Because there is some overlapping among the cubes in Vm, we have used 
the weights Wi^m in the definition of these functions. However one should 
think that gm and bm are approximations of the mean of / over the cubes 
of and V^, respectively. 

The following remark will be useful. 

Claim 1. Let Qh,m S be such that either gm ^ 0, bm ^ or Um ^ 
on Qh,m- Then there exists some j such that Q\^C ^Sj,m o-nd so Qh,m C 

Proof. In the first two cases Qh,m^2Sj^m 7^ for some j. In the latter case, 
by (a) of Lemma 7^ and our construction, there exists some j such that 

'3 



So in any case ^ n 2Sj>m 7^ for some j. Arguing as in Lemma 6.3 , 
for Q3 big enough, it is easily checked that ^{Q\m) — K^j,m)/^, and so 

Qlm C 4Sj,m. ' □ 

Let us see now that (e) is satisfied. 

Claim 2. If Q e Vm and 6{Q,2Ro) < {m - ^) A (so 1{Q) = 0), then 
Um = gm = bm = on Q and Q ^V^UV^. 

Proof. Assume that Q = {x} and that either gm ^ 0, bm ^ or Um ^ on 
Q, oi Q £ U V^. By the preceding claim, Q C 45j.m for some j. Then, 

> 5(45,-m,2i?o) -eo 

> (5(5,- 2Rq) - 8" Co - eo > ("I - ^ A. 

□ 

The following estimate will be necessary in many steps of our construction. 
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Claim 3. Let Q be some cube of the m-th generation and x, y S 2Q. Then, 
if 91, ■■■ ,gm and hi,... ,bm satisfy (a), then 



A 

^\Uk{x)-U,{y)\<Y^ 
k=l 



We postpone the proof of Claim y until Subsection Let us see that 
(a) holds. 

Claim 4. IfQe VguVg, then \mQfm\ < Cg^H/H*. Also, \gm\,\b^\ < 
C.Al 



Proof. First we will prove the first statement. By Claim |2|, we know that 
5{Q,2Ro) > (m - ^) A. Let R e Vm-i be such that QCiR ^ 0. We 
must have £{R) > 0. Otherwise, Q = R and 6{R,2Rq) > {m - A > 
{m — 1) A + El, which is not possible. 

Since < l{R)/l^, we have Q C 2R. We know Im^/ml < A\ 

because (b) holds for m — 1. By Claim ^ (for m — 1 and R) we get 

\mQfm\ < \mRfm \ + Irnqfrn - mRfm\ 

m—1 m—1 

< {mnfml + {rnqf - mnfl + mql"^ Ukj - "iflf^ Uk 



k=l k=l 



< CA\\f\U + \mQf-mnf\. 



The term {rnqf — mfif\ is also bounded above by C yl ||/||* because Q and 
R are doubling, / G RBMO{fi), and it is easily checked that 6{Q,R) < C A. 

The estimates on gm and bm follow from from the definition of these 
functions and the estimate \mQfm\ < Cg A ||/||* for Q G U V^. □ 



Let us prove (d) now. 

g 

Claim 5. If Q e Vm and \mQfm\ < tt^^ 11/11*; then Um = and gm = 
bm = on Q. 

Proof. Suppose that Q = Qh,m G T^m is such that either gm ^ 0, bm ^ 
or Um ^ on Qh,m- By Claim |l| we have Qh,m C 45j^m for some j. By 
construction, the center of Sj^m belongs to some cube Qi^m with {mg^ „/m| > 
I ^11/11*. It is easily seen that S{Qh,mASj,m), SiQi,mASj,m) < C + ai + 
«2 + 03- Thus 



kg../ - mq.^Jl < iC" + 2ai + 2a2 + 203) ||/||*. 
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Since Qi^m and Qh,m are contained in a common cube of the generation 
m — 1 , by Claim ^ we get 

m—l m—1 



+ 



k=l k=l 

< (C" + 2qi + 2q2 + 2q3 + A/100) 

< J-A 

- 10 



and so 



\^QK,,Jm\ > - ^) A 11/11* > ^ ^ 



□ 



The statement (c) is a consequence of the fact that if Q € '^mi then Q is 
far from the boundary of IJ^ 2Sj^m- Then Um is very close to mQfm on Q, 
since we only integrate over cubes of U in order to obtain Um{x) for 
X G Q. On the other hand, if Q G ^^mi this argument does not work because 
Q may be near the boundary of IJ^- 2Sj^rn, and so it may happen that we 
integrate on some cubes from Vm \ {Pm U T^m) obtaining Um{x), x G Q. 

Let us see (c) in detail. 

Claim 6. IfQe Vg and i{Q) > 0, then \mQfm+i\ < ^^||/||*. 

Proof. Consider Qi^m G Vg. We want to see that Um is very close to 
''^Qimfm on this cube. By (a) of Lemma 7^ we have to deal with the 
cube Qlm- 

Let us see that if P eVm is such that P D Q^^ ^ 0, then P ^VgvjV^. 

Notice that P C Q\rn- Now, by the definition of good cubes, there exists 

some j such that Qi^m H ^Sj^m 7^ ^, which implies Q\ ^ fl ^Sj^m / 0- For 

as big enough, we have i{Q\rn) ^ K'3j,m), and then Q\m. ^ ^Sj^m- So 
P UV^. 

^ rn ^ m 

Let US estimate the term 

sup \igm{y) + bmiy)) 



Recall that 



gm{y)+bm{y)= 
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By the arguments above, if y G Qim ^^'^ Wh^miv) 7^ 0, then Qh,m has been 
chosen for supporting or bm, i-e. Qh m ^ T^m ^ ^m- Then, 



9rn{y) +bmiy) -mQ^^f„ 

By Claim ^ we obtain 

\''^Qh,mfm ~ ''^Qi,,nfm\ 



m 



< (^-^A + C + 25iQh,m,Qi,m) 

< 

- 50 



(we have used that S{Qh^rn, Qi,m) < C, with C depending on ai, 02)- Then 
we get 



^.10) 

For X € Qi^m-, we have 

\Urn{x) - mQ^^^fm\ < 

i.ll) 



gm{y) + bm{y) - mQ^^^fm\ ^ ^ ^ 



Let us estimate the first term on the right hand side. By (8.10) and ( |7.8| ) 
we obtain 



Um{x^ ^Qi.mf^ I fy,mix 



|3 

i.m 



On the other hand, by ([7.8|), ( |7.9| ) and Claim ^ the second term on the right 
hand side of ( 8.11 ) is bounded above by £3 Cs ^4 ||/||*. Thus we have 



|mQ,,„/^+i| < ((1 + ^^3) ^ + ^3 Cs) A 11/11, <^A 
if we choose £3 small enough. 

Now we are going to show that (b) also holds. 
Claim 7. If Q e Vm and £{Q) > 0, then \mQfm+i \ < A\\f\\^. 



□ 
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Proof. If Q € V^, we have already seen that \mQfm+i\ < ^ ^ 

If Q G Vm \ Vg, then Q D [j- Sj.^ = (because £{Q) < ^(Sj, and 
Q (f. Ui \Sj,ni)- By construction, we have 



^.12) 



|"T-Q/m| < 4 ^ 



\i\Jra = ^ on Q, then \mQfrn+\ \ = \mQfm\ <jA 

Now we consider the case Q = Qh,m H IJj Sj,m = such that Um ^ on 
Q. By Claim |l] there exists some j with C ^Sj^m- Recall that by (a) 

of Lemma |7.8|, if x G Q/^ we have 



Um{x) 



Qi 



) {gm{y) + bm{y))d^i{y). 



So if ipy^m{x) ^ and y G Qj.m, we have Qi^m n 7^ 0. Therefore, 

Qi,m C Then, 

A 



6{Qi,m,Qh,m) < C + 6{Qi^m,Q%J + 6{Qh,m,Q\J < C + 2ai + 2a2 < 



400' 



Therefore, \mQ^^^f - mg^^^fl < ||/||*. By Claim 1 we get 



in~l 



m—1 



(8.13) 

Recall also that, by (d), 
(8.14) 



< 



+ 
1 

10 



A 



k=l 



k=l 



From the definition of Qm , 6m 

and (|1|), (|1D, we derive that mg^ ^ /„ 

and Um{x) have the same sign. 

On the other hand, from ( |8.12 ) and ( 8.13| ) we get 

|mQ^,,„/m| < ^ A 11/11*. 

So by the definition of Qm anb we have 

34 

and by (|7.8| ) we obtain 
(8.15) 

\Um{x)\ < ^ A 11/11* j ipy,^{x) df,{y) < (1 + £3) ^ ^ 11/11^ < A 

(assuming £3 small enough). By ( 8.12| ), ( ^.15 ) and since mg^ ^fm and Um{x) 
have the same sign, (b) holds also in this case. □ 
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Therefore, (a)-(e) are satisfied. 

8.4. Proof of (f), (g) and (h). The statement (f) is a direct consequence 
of the following. 

Claim 8. If 5{x,2Ro) < oo, and if Q = {x} G Vm (i.e. £{Q) = 0), then 
ho{x) = fm+iix) and \ho{x)\ <CqA\ 



Proof. Take m such that (m — 1)^ < S{x,2Rq) < mA. By (e) we get 
Um+k{x) = for A; > 1. Therefore, fm+i{x) = fm+2{x) = ■ ■ ■ = ho{x). By 
(a) we have 

\fm+l{x)\ < \fUx)\ + \U„,{x)\ < 2^8(1 + 63) ^11/11*. 

So we only have to estimate \fm{x)\. 

Take Qi^m-i G T^m-i with x G Qi^m-i- Since i{Qi,m-i) > 0, by (b) we 
have \mQ^^^_Jrn\ < A ||/||*. Applying Claim | we get 

\mQ^,m-ifni - fmix)\ < - + — 11/11* 

< C ll + 6ix,Qi,m-i) + — 

It is easily checked that 6{x,Qi m-i) < A + eq + ei. Then we get \fmix)\ < 
CAWflL. ' □ 



Now we turn our attention to (g). Given some good cube Qi^m £ T^m with 
„) > 0, we denote 

Zi,^ := ZiQ,,^,A\\f \U/30) 

(see Definition roughly speaking Zi^m is the part of Qi^m where / does 
not oscillate too much with respect to mq- ^f). If Qi^m G T^m £{Qi^m) = 
0, we set Zi^m = Qi,m. The set Zi^m has a very nice property: 

Claim 9. Let k > m and Qi,m G T^m- V P ^ is such that PnZi^m 
then Qk = bk = on P and P ^V^UV^. 

Proof. Consider first the case i{Qi^m) = 0. U P £ Vk is such that PnQi^m 7^ 
0, then i{P) < i{Qi,m)/W = and so P = Qi^m- Therefore, 

5iP,2Ro) <mA< (k-^) A. 



Assume now i(^Qi rn) 0* Let X ^ P D yu. From the defiiiitiori of Z-i 



By (e), we get 6a: = fi-fc = on P. 

Assui 
we have 

(8-16) \mQ„J-msf\<^ 

for any S G Vm+j, j > 1, with x G S. Also, by Claim |^ we have 

7 
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Consider now Pm+i G T^m+i with x G Pm+i- Observe that l[Pm+i) < 
^(<3i,m)/10 and Pm+i C 2Qi^rn- We have 

7 



< —A 

20 



+ 



{y 



fc = l 



fc=i 



By (|8l|) and Claim | we obtain |mp,„^;^/m+i| < By (d), on 

Pm+i we have Qm+i = &m+i = and also Um+i = 0. Thus, 



m+2 — fm+1 

on any cube Pm+i ^ T^m+i containing x. 

Take now Pm+2 G with x € Pm+2- On this cube /m+2 = /m+i, and 

then we have 

< 1a 

- 20 



+ 



m m 

(E ^0 ~ "^-^'"+2 (E 



k=l 



k=l 



Again by (d), we get gm+2 = &m+2 = Um+2 

fm+l on Pm+2- 



on Pm+2- Thus, /m+3 



Going on, we will obtain g. 



cube Pm+j G T^m+j containing x. 



for all j > 1 on any 
□ 



As a consequence of Claim |9|, Zi^m is a good place for supporting gm- If, 
for each m, gm were supported on Zi^rn-, then the supports of gm, m > 1, 
would be disjoint for different m's. This is the idea that Carleson used in 
@- 

So we are going to make some "corrections" according to this argument. 
We have 



For each Qi^m with 



> we set 



Ui,miy) = / Wi^m9mdn 



l^{Zi^m) 



If ^{Qi,m) = 0, we set Ui,m(y) = Wi,m{y)gm{y) = gm{y) (we do not change 
anything in this case). Then Um can be written as 



y¥^y„m{x) j Ui^miy)dn{y). 
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As in the case of in Subsection |8.2| , if we set = V}^ U ■ ■ ■ U Pm*^ 
where each subfamily is disjoint, we can write in the following way: 



with 



N 



and 

if y G Qi-m and Qi,m S Pm- 

By Proposition if A is big enough we have fi{Zi^rn) > IJ'{Qi,m)/'^ (if 
^(Qi,m) > 0). Then it easily checked that ||iij,m||Loo(/x) < 2 ||5'm||L°°(;i) for all 
i. Thus, from (a), (g.2) follows. Moreover, because of Claim |9|, (g.3) also 
holds. 

One of the differences between our construction and Carleson's one is 
that, because of the regularity of Lebesgue measure, Carleson can treat the 
bad cubes in a way very similar to the way for the good ones. We have 
not been able to operate as Carleson. However, as it has been shown in 



Subsection S.2, the packing condition (|8.2|) is also a good solution. Let us 



prove that this condition is satisfied. 

Claim 10. For any R € with i{R) > 0, the bad cubes satisfy the packing 
condition 

f,{Q)<Cfi{R). 

Q:QnR^0 

Proof. Let A; > m be fixed. We are going to estimate the sum 

Let Q € T)^ be such that QnR ^ 0. Since Q is a bad cube, there exists some 
j such that 2Sj^k^Q 7^ 0- Then we have Q C ^Sj^k- Since yl ai + a2 + a3 
and ASj^k nR^0,we get 1(3 j^k) < i{R) /20, and so iSj^k C 2R. 
By the finite overlapping of the cubes QinVk, we have 



Q:QnR^0 ^j:SikC2R ' 



j:Sj^kC2R j:Sj^kC2R 
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Now, from the construction of i^^, it is easy to check that fi{Sj^k) < C fi(^Sj^k^ 

{^p=i bfcl 7^ . This fact and the bounded overlapping of the cubes Sj^k 
give 

N 

J2 KQ)<Cf.{2Rn{Y^\gl\^0}). 

Q:QnR^0 p=l 

Summing over k > m, as the supports of the functions are disjoint for 
different /c's, we obtain 

N 

1^{Q)<C Y.ii(2Rn[Y^\gl\^Q})<C,i{2R)<C,s{R). 

Q:Qr\Ry^0 k>m p=l 

B 
k 

□ 



Q€D^ ,k>m 



8.5. Proof of Claim ^. We only need to check that 

^ f A 



k=l 



Let xq G supp(//) be such that x,y £ ^Q^Q^m- Obviously, we can assume 
^{Qxo,m) > 0. For each k < m we set 

/ \fz,ki^) - fz,kiy)\ df^i^) = + / = Ii,k + h,k- 



Let us estimate the integrals Ii^k- Notice that if x,y G SQ^^^m, then 
X, y G 2Q^o,fc C \Ql^ fc. Thus \x - z\ ^ \y - z\ ^ \xq - z\ for z G M'' \ Ql^^^- 
So by (d) of Lemma 7.5 we have 

h,k < Ca^^ [ -7-^ — 
(8.17) < Caa^^^^""' ^ 



In case A; > m, by Lemma |6.4| we get 



T ^ ^ -1 ^(Qxo,m) I r.-'Y (rri~k) A 

h,k<(^oi2 -J7T] r<'-^i3a2 ^ • 

Therefore, 

(8.18) CAY, h,k < Cs a^' A ^ 2"" ^'"''^ ^ + Cs C13 a,' A §§f^. 

k=l k=l ^{Qxo,m) 

The first sum on the right hand side is < C A2~"'^, and for A big 
enough and 02 > 1 is < 1 < A/ 400. The second term on the right hand side 
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is also < A/400 if we choose 02 big enough (or ai big enough since then 
^mlo,J)- Thus 

A 



« i:'' - 200 



k=\ 



We consider now the integrals l2,k- By Lemma 

-1 

\^'{u)\<C 



an 



for all u E Qxq k- Therefore, 



l2,k<Ca^' 



1 )n+l 
xo,k' 



1 )n+l 
XQ,k) 



dfl{z) < C 



xo,m ) 



1 1 
xo,k' 



This is the same estimate that we have obtained for Ii^k in ( |8.17| ), and then 
we also have 

A 

CsAY,l2,k< 

k=l 



200' 



if we choose A and 02 (or ai) big enough. 

9. Appendix 



□ 



In this section we will prove the following result, which is used in Section 
Q to show that Theorem L2 follows from the Main Lemma. 

Lemma 9.1. Consider f € L^ifJ-) with J f dn = and M^f E L^{fi). Then 
there exists a sequence of functions fk, k > 1, bounded with compact support 
such that f fkdii = 0, fk ^ f in L^{n) and ||M$(/ - fk)\\mi,) ^ 0. 

So if we consider the space 

HUfi) = [fe L\fi) : Jfdfi = 0, M^f G L\p.)], 



with norm ||/||i^i (^) = + ||M$/||ii(^), then Lemma |9T| asserts that 

functions in H^{fi) which are bounded and have compact support are dense 
in H\{ij). In particular, H^{ii) n H^^{^) is dense in H^{^). 

In this section we will assume that the center of any cube Q may be 
any point of W^, not necessarily belonging to supp(/i). As in the previous 
sections, the sides of the cubes are parallel to the axes and they are closed. 

Let us introduce some additional notation. For /> > 1, we set 

M(p)f{x) = sup / / I/I dfi. 

Q3X fJ-ipQ) Jq 

This non centered maximal operator is bounded above by the operator de- 
fined as 

M^P^f{x) = sup ^ 



!^x 



\f\dfi. 
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This is the version of the Hardy-Littlewood operator that one obtains taking 
supremums over cubes Q which may be non centered at x but such that 
X € p~^Q- Recah that since < < 1, one can apply Besicovich's 
Covering Theorem and then one gets that M^^^ is of weak type (1, 1) and 
bounded in LP(fi), p £ (l,oo]. As a consequence, M(p) is also of weak type 
(1, 1) and bounded in LP{ij,), p £ (1, oo] 

Remark 9.2 (Whitney covering ). Let C M"^ be open, Q ^ W^. Then Q 
can be decomposed as = IJig/ Qi^ where Qi, i £ I, are cubes with disjoint 
interiors, with 20(5 j C and such that, for some constants /5 > 20 and 
D > 1, l3Qk n 17^ 7^ and for each cube Qk there are at most D cubes 
Qi with lOQfe n lOQj 7^ (in particular, the family of cubes {lOQjjjg/ has 
finite overlapping). 



In |To3| a decomposition of C alder on- Zygmund type adapted for non 
doubling measures was introduced. This decomposition was used to prove 
an interpolation theorem between {H^^^{p) , {p)) and {L^{fj.), RBMO{fi)). 



In | To4 | it was shown that this decomposition was also useful for proving 
that CZO's bounded in L?'{fi) are of weak type (1,1) too, as in the dou- 
bling case (this result had been proved previously in |NTV2|| using different 



techniques). To prove Lemma 9J we will use the following variant of the 
C alder on- Zygmund decomposition of ||To3|| . 

Lemma 9.3. Let f E L^ip-) with f f dfi = and M^f G L^{p). For any 
A > 0, let VLx = {x : M(2)/(x) > A} . Then VLx is open and \f\ < 2'^+^ X 
fi-a.eq. in Moreover, if we consider a Whitney decomposition of 

fix into cubes Qi ( as in Remark \9.^) , then we have: 



(a) For each i there exists a function Wi E C°°(M'^) with supp(t(;j) C ^Qi, 
Q < Wi < 1, \\w'i\\oo < C i{Qi)''^ such that Yli'^ii.^) — 1 ^/^ ^ ^A- 

(b) For each i, let Ri he the smallest {6, 6^^^) -doubling cube of the form 
6^Qi, k > 1, with RiClO,'^ ^ 0. Then there exists a family of functions 
Oj with supp(aj) C Ri satisfying 

(9.1) aidfi= / fwidjj., 



and 

(9.3) ^|a,|<BA 

i 

(where B is some constant). 
(c) / can be written as f = g + h, with 

9 = f - ^w^ + ^ai 

i i 
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and 

b = ^{fWi - Qj), 

i 

and then \\g\\L°°(^^) < C A and supp(5) C 

Proof. The set il.x is open because M(2) is lower semicontinuous. Since for 
^-a.e. X G M'^ there exists a sequence of (2, 2°'+^)-doubhng cubes centered 
at X with side length tending to zero, it follows that for fi-a.e. x G R*^ 
such that > 2°'+^A there exists some (2, 2'^"'"^)-doubling cube Q with 

Jq I/I d/i//.(g) > 2'^+iA and so M(2)/(x) > A. 

The existence of the functions Wi of (a) is a standard known fact. The 
assertion (c) follows from the other statements in the lemma. So the only 
question left is the statement (b). 

Notice that, since i?j fl 7^ 0, we have 

(9.4) / \f\dfi<Xfi{2Ri) 

JRi 

for each i. 

To construct the functions aj we would like to start by the smallest cube 
Ri, and go on with the bigger cubes Rj following an order of non decreasing 
sizes. Since in general there does not exist a cube Ri with minimal side length 
in the family {Ri}'?^^, we will have to modify a little the argument. For each 
fixed we will construct functions , I < i < N, with supp(af^) C Ri, 
satisfying (|9.1|), (|9.2D and ( |9.3D . Finally, applying weak limits when N ^ co, 
we will get the functions aj. 

The functions that we will construct will be of the form af = x^jv , 

with G M and Af C Ri. To avoid a complicate notation, suppose that 
the cubes Ri, 1 < i < N, satisify i{Ri) < i{Ri+i) (we can assume this 
because we are taking a finite number of cubes). We set = Ri and 

N N 
Ol = «1 XRi, 

where the constant Qi is chosen so that Jg^ f widfi = f d/u. 

Suppose that a'^ , . . . , a^_i (for some k < N) have been constructed, 

satisfy ( |9.1[) and X^ti l*^*! — ^ -^^ where B is some constant (which will be 
fixed below). 

Let Rs^, ■ ■ ■ , Rs^ be the subfamily of cubes Ri, I < i < k — 1, such that 
Rsj n Rk / 0. As l{Rsj) < K-Rfc) (because of the non decreasing sizes of 
Ri), we have Rs^ C 3i?fc. Taking into account that for i = 1, . . . ,k — 1 

j \af\ diJL< j \ fw.i\ dfi 
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by (|9.1[ ), and using that R}^ is (6, 6"~*'^)-doubling and ( |9.4[ ), we get 



< C 



Therefore, 



So we set 



{E,1<I>2Ci4a}< 



2 



^^ = ^fcn{E>2l<2C7i4A}, 

and then /u(A^) > fi{Rk)/2. 

The constant is chosen so that for = Xa^ have J dfi 
J fwkdfi. Then we obtain 

la^l < ^J\f-^\df^^^J\f-^'^\df^ 
< I \f\dfi<Ci,X 



(this calculation also applies to /c = 1). Thus, 

l«^l+Ef<l^(2Ci4 + Ci5)A. 
i 

If we choose B = 2Ci4 + C15, ( |9.3D follows for the cubes Ri, . . . , Rn- 
Now it is easy to check that (p. 21) also holds. Indeed we have 



a,- 



Finally, taking weak limits in the weak-* topology of L°°{^), one easily 
obtains the required functions Oj. The details are left to reader. A similar 
argument can be found in the proof of Lemma 7.3 of | To3|| . □ 



Using the decomposition above we can prove Lemma 9.1 partially. This 
will be the first step of its proof. 

Lemma 9.4. The subspace H\{^) n L°°(/x) is dense in H^{fi). 

Proof. Given / G H^{fi), for each integer A; > 0, we consider the generalized 
C alder on- Zygmund decomposition of / given in the preceding lemma, with 
X = 2^. We will adopt the convention that all the elements of that decom- 
position will carry the subscript k. Thus we write f = Qk + bk, as in (c) of 
Lemma |9.1| . We know that gk is bounded and satisfies / gkd/j, = (because 
Jbkdfj, = 0). We will show that g'fe f'mL^{p) and ||M$(5A;-/)||ii(^) 
as A; — > 00 too. 
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It is not difficult to check that bk tends to in L^(/x). Indeed, if we set 
Ofc = {M(2)/(x) > 2^^}, then /^(O/c) as k —>■ oo, because / € L^ijj)- 
Thus 

j |6fc|d/u<2^ j \fwi,k\dfi<C 1^ |/|d/i^^O, 

and so Qk—' f in L^{n). 

Let us see that ||M<j>6j!c||^i(^) — s- as A; ^ cxo. We denote bi^k = f wi^k—oti^k- 
Then we have 

i 

The estimates for each term are (in part) similar to the ones 

in Lemma 3.1 for estimating M$ over atomic blocks. We write 



\\^^bi^k\\L^{fj.) 



< 



Mi^bi^kdfi 



■i,k 



(9.5) 



Taking into account that J 6j d^ = 0, it is easily seen that 

Mq,bi^kdli < CWbi^kh^fi) < C \\f Wi^kh^fi) 



(the calculations are similar to the ones in and ( |3.2D). 

Let us consider the last term on the right hand side of (p.5|) now. By ( |9.1| ) 
and (O) we get 



/ Mi^Ui^kdn < \\ai^k\\L°°(p)fJ'{'^Ri,k) dfi < C\ 



Wi,k\\L^{fj.)- 



We split the second integral on the right hand side of (p^) as follows: 



+ 



'^Ri,k\'iQi 



'^Ri,k\'^Qi,k 



k7 ^^(^) 



As in ( p. 41) , we have 

M^{fwi^k)dn < C \\f Wi^k\\L^^l) 

< Cllfwi^kh^fi) (1 + S{Qi,k,Ri,k)) 

< CWfwi^kh^ti)- 

Finally we have to deal with J^q, ^ M^{f Wi^k) d^. Consider x £ 2Qi^k and 
~ X. Then 



(9.6) 



f{fwi,k)dfi 



{V'Wi,k)fdiJ 



<CM^f{x), 
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because C ip Wi^k ~ x for some constant C > 0. Indeed, for y we have 

< Wi^kfiv) < viy) < 1^ ^^^^ 

and 

\{(fWi^kyiy)\ < \(p'{y)wi^k{y)\ + \f{y)wi,kiy)\ 
- I — — ^-TrJKkiy)\- 

\y — x\^^^ \y — x\"- 
Recall also that \w[ k{y)\ < C£{Qi^k)^^ and supp{wi^k) C 2Qi k- Then we get 
\w[k{y)\ <C\y- x\-^ for all y G R"'. Thus Hipwi^kYiy)] < C \y - 
So (|9.6[ ) holds and then 

When we gather the previous estimates, we obtain 

\\M^hi^k\\LHi.)<C\\fwi^k\\mi.) + C j M^fdfi. 

Taking into account the finite overlap of the cubes 2Qi^k (recall that they 
are Whitney cubes covering $7^), we get 

\\MMlHp)<C I {\f\ + M^f)dfi^^O, 
J^k 

and we are done. □ 



Proof of Lemma |9.1| . Take / € H\{^) n L°°{fi). Consider the infinite in- 
creasmg sequence of the cubes Qk = 4^'= [-1, l]'^ that are (4, 4"+i)-doubling. 
Let w he a C°° function such that X[-i,i]'i{x) < w{x) < X[-2,2]'*(^) for all x. 
We denote Wk{x) = ?i;(4~^'=x) (so XQki^) — '^k{x) < X2Qk{x)) and we set 

fk = Wkf Wkf dfi. 

It is clear that fk is bounded, has compact support and converges to / in 
L^{n) as. k ^ Qo. We will prove that 



[wkfdfi+c[ M^fdfi 

J JR-^X^Qk 



(9.7) ||M$(/-A)||^i(^) < C 

+ / M^{il-Wk)f)dfi. 

Finally we will show that the terms on the right hand side of (^]^) tend to 
as A; ^ oo and we will be done. 

Let us consider first the integral of M<j,(/ — fk) over R"' \ AQk- We set 



/ M^if- fk) dfi< I M$/ d/x + /" 



M^fk dfi. 
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We only have to estimate the last integral on the right hand side. Take 
X € M'^ \ 4:Qk, if ^ X and let yo G '^Qk be the point where attains its 
minimum over 2Qfe (recall that we assume 93 > and ip G C^). We denote 
Cfc = / Wk f dfi/fj,{Qk) and then we set 



f{y) {v>{y) - ^{yo)) dfj.{y) 
wk{y) f{y) {f{y) - ^{yo)) dn{y) 



fkfdfi 



-Ck {<p{y) - f{yo)) dfi{y) = h- h- 
jQk 

Let us consider the function il){y) = Wk{y) [^{y) — p{yo)). This function 
satisfies 

< V(y) < ^{y) 

and 



W{y)\ < \wk{y)^'{y)\ + \w'k{y)\\(p{y) - (p{yo)\ 



< 



1 



|y — ■ ' \y — x\"^^ \y — x\ 

Therefore C ip ^ x for some constant C > and so <C M^f[x). For I2 
we use a cruder estimate: 



+ C 



mk) 



\n+l 



c- 



\n+l ■ 



\h\<C\ck\ii{Qk) 



i{Qk) 



m - X 



\n+l ' 



Thus we obtain 



M^fkix)<CM^f{x) + C\ck\KQk) 



iiQk) 



|n+l ■ 



Since 



we get 



(9.8) 



/ 



12/0 - X 

M^fkd^i < C 
= C 



n+l 



yo-x 
dii{x) < ce{Qk)-\ 

Mq,fdn + C\ck\ niQk) 



M^fdfi + C 



I 



Wkfdfi 



Now we have to deal with J^q^ M^{f — fk) d^. For x G AQk we write 



(. 



(9.9) M^if - fk)ix) < AUiil - Wk) f){x) + 

\KQk 

Since Mij,XQ^.{x) < 1 and Qk is (4, 4"+^)-doubling, we get 

|Cfc 



(9.10) 



4Qfe 



XQk ix)dn{x) <C\ck\=C 



Wkfdfi 



From d^), (U) and ( |9lO| ) we derive {[ 
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Now we have to see that the terms on the right hand side of (^]^) tend to 
as A: — > oo. Since /, G L^ifJ'), by the dominated convergence theorem 



hm 

fc^oo 



Wkfdfi 



+ 



M^f dfi = 0. 



Let us turn our attention to the third term on the right hand side of (9.7). 
Take x € iQ^ and 99 ~ x. It is easily seen that C wt^p ^ x for some constant 
C > 0. So we get M^{wk f){x) < C M^f{x) and then for any x G W^, 

XiQ,{x)M^{(l-Wk)f){x)<XAQ,{x) {M^f{x)+M^{wk f){x)) < C M^fix). 

Therefore, if we show that XiQki^) ^$((1 — Wk{x)) f){x) tends to point- 
wise as A; —> 00, we will be done by a new application of the dominated 
convergence theorem. 

For a fixed x G M"^, let /cq be such that x € \Qk for k > k^. Notice that 
if ~ a; and y Qfc, then \Lp{y)\ < C/t{QkT. Thus 



- Wk{x)) f{x) dfi{x) 



< 



< C 



L^i^l) 11(1 - 'Wk) vWL^ifi) 



mkY 



Then we get 

XiQ,{x)M^{{l-Wk{x))f){x)<C 



L^itM) k~ 



□ 



References 

[Ca] L. Carleson. Two remarks on and BMO, Advances in Math. 22 (1976), 

269-277. 

[Co] R.R. Coifman. A real variable characterization of , Studia Math. 51 (1974) 

269-274. 

[CW] R.R. Coifman, G. Weiss. Extensions of Hardy spaces and their use in analysis, 

Bull. Amer. Math. See. 83 (1977), 569-645. 
[GR] J. Garci'a-Cuerva, J.L. Rubio de Francia. Weighted norm inequalities and related 

topics, North-Holland Math. Studies 116, 1985. 
[Jo] J.-L. Journe. Calderon-Zygmund operators, pseudo-differential operators and the 

Cauchy integral of Calderon. Lecture Notes in Math. 994, Springer- Verlag, 1983. 
[La] R.H. Latter. A characterization ofH''(R") in terms of atoms, Studia Math. 62 

1978, 92-101. 

[MSI] R.A. Maci'as, C. Segovia. Lipschitz functions on spacesof homogeneous type. 

Advances in Math. 33 (1979), 257-270. 
[MS2] R.A. Maci'as, C. Segovia. A decomposition into atoms of distributions on spaces 

of homogeneous type. Advances in Math. 33 (1979), 271-309. 
[MMNO] J. Mateu, P. Mattila, A. Nicolau, J. Orobitg. BMO for non doubling measures. 

To appear in Duke Math. J. 



NON DOUBLING IN TERMS OF A MAXIMAL OPERATOR 



47 



[NTVl] F. Nazarov, S. Treil, A. Volberg. Cauchy integral and Calderdn-Zygmund oper- 
ators on nonhomogeneous spaces, Int. Math. Res. Not. 15 (1997), 703-726. 

[NTV2] F. Nazarov, S. Treil, A. Volberg. Weak type estimates and Cotlar inequalities for 
Calderon-Zygmund operators in nonhomogeneous spaces, Int. Math. Res. Not. 
9 (1998), 463-487. 

[NTV3] F. Nazarov, S. Treil, A. Volberg. Tb-theorem on non-homogeneous spaces. 
Preprint (1999). 

[NTV4] F. Nazarov, S. Treil, A. Volberg. Accretive Tb-systems on non-homogeneous 
spaces. Preprint (1999). 

[OP] J. Orobitg, C. Perez. Ap weights for non doubling measures in R" and applica- 
tions. Preprint (1999). 

[St] E. M. Stein. Harmonic analysis. Real-Variable methods, orthogonality, and os- 

cillatory integrals. Princeton Univ. Press. Princeton, N.J., 1993. 

[Tol] X. Tolsa. L'^ -boundedness of the Cauchy integral operator for continuous mea- 
sures, Duke Math. J. 98:2 (1999), 269-304. 

[To2] X. Tolsa. A T(l) theorem for non doubling measures with atoms. Proc. London 
Math. Soc. To appear. 

[To3] X. Tolsa. BMO, and Calderon-Zygmund operators for non doubling mea- 
sures. Preprint (1999). Provisionally accepted for publicaton in Math. Ann. 

[To4] X. Tolsa. A proof of the weak (1, 1) inequality for singular integrals with non dou- 
bling measures based on a Calderon-Zygmund decomposition. Preprint (1999). 

[Ve] J. Verdera, On the T(l) theorem for the Cauchy integral, Arkiv f. Mat. To 
appear. 

[Uc] A. Uchiyama. A maximal function characterization of on the space of ho- 
mogeneous type, Trans. Amer. Math. Soc. 262:2, (1980), 579-592. 



Department of Mathematics, Chalmers, 412 96 Goteborg, Sweden 
E-mail address: xavier@math.chalmers.se 



